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The viscoelastic behavior of a depletion-flocculated dispersion of colloidal spheres is investigated at differ-
ent volume fractions of the spheres, using a controlled stress and a dynamic rheometer. Combining the results,
we obtain the storage G8 and loss G9 moduli over a frequency range of 0.02,v,200 rad/s. The measured G8
gradually increases with increasing frequency, while G9 almost remains constant, indicating a broad spectrum
of relaxation times. To describe and explain the observed behavior of the moduli as a function of frequency and
volume fraction in terms of microscopic parameters, a microrheological model based on the fractal concept is
proposed. Comparing experimental results with model calculations, we find a good agreement between the
two, with physically plausible parameter values. @S1063-651X~97!02511-7#
PACS number~s!: 82.70.DdI. INTRODUCTION
The microstructure of complex materials can be probed
mechanically by viscoelastic measurements. Three types of
experimental techniques can be distinguished. First, retarda-
tion experiments, where a small stress is applied and the
resulting deformation J of the material is measured as a
function of time. Second, relaxation experiments, where a
small deformation is applied and as a function of time the
stress G in the material is measured. Third, experiments can
be performed in the frequency domain. In this paper the lin-
ear viscoelastic properties of our model fluid are character-
ized with two different experimental techniques, a retarda-
tion experiment, and a harmonic experiment, and the results
are compared with each other.
The model fluid used is a mixture of monodisperse col-
loidal stearyl-coated spheres and a nonadsorbing polystyrene
polymer dispersed in cyclohexane at 35 °C. Above a limiting
value of polymer concentration, colloidal particles will ag-
gregate as a result of attractive forces induced by a depletion
of polymer molecules. The choice of this particular model
fluid is based on the fact that interactions between the
spheres are well defined. Light-scattering and rheological ex-
periments @1,2# have shown for stearyl-coated silica spheres
suspended in cyclohexane, that van der Waals attractions be-
tween silica cores can be neglected compared to the short-
range repulsive steric forces of the surface coating. There-
fore, the particles themselves behave like hard spheres. Phase
experiments have shown that addition of a nonadsorbing
polymer leads to a reversible attraction between the spheres.
De Hek and Vrij @3,4# used the same type of model fluid as
we did, and studied the polymer-induced interactions using
phase and light-scattering experiments.
Although a number of authors studied viscoelastic
properties of aggregated dispersions ~see, for instance, Refs.
@5,6#!, so far only a few data are available on the frequency
dependence. Patel and Russel @7# performed a combined
phase separation and rheological study on polystyrene lat-
*Author to whom correspondence should be addressed.561063-651X/97/56~5!/5726~8!/$10.00tices phase separated by dissolved dextran polymer. They
detected a low-frequency plateau in the elastic modulus for
some of the samples. De Rooij et al. @8# investigated the
elastic behavior of weakly aggregating latex dispersions.
They measured ~among others! the frequency dependence of
the storage modulus G8(v), and found that G8 gradually
increased with increasing angular frequency. The same be-
havior was reported by Bremer et al. @9# for a less well-
defined aggregated system. They stated that both G8 and loss
modulus G9 of acid casein gels increased with angular fre-
quency v as G}v0.15 over the whole frequency range inves-
tigated: 1023,v,10 rad/s.
Several authors interpreted the elasticity of aggregated
dispersions in terms of the fractal concept @9,10#. Although
differing in details, the models depended on the assumption
that the aggregated structure transmits stress through its elas-
tic backbone ~a chain of particles!. From a theoretical point
of view, a number of authors pointed out that, for spheres,
central interactions alone can not be responsible for the static
elastic behavior at rest. A simple chain with each sphere
connected to two neighbors can be loaded only when it is
straight, since a chain that is not straight can relax the stress
by a reordering of the spheres while preserving the interpar-
ticle distances. Recently, Potanin et al. @11# modeled the
elastic backbone as an interconnected bundle of chains of
particles. Such a chain will respond to small deformations as
a contorted rigid rod, and can be responsible for the observed
elastic behavior at rest. In this paper we will extend this
model, in order to describe our measurements of dynamic
moduli as a function of frequency and volume fraction of
primary particles.
The outline of the paper is as follows. In the first part of
Sec. II, we will give some basic equations from linear vis-
coelastic theory and a method to compare the results of a
retardation experiment in the time domain with those of a
harmonic experiment. The second part of Sec. II contains a
general description of the microrheological model. In Sec. III
we will consider sample preparation and rheological experi-
ments. The experimental results will be discussed and com-
pared with the microrheological model in Sec. IV, and, fi-
nally, conclusions will be drawn in Sec. V.5726 © 1997 The American Physical Society
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A. Retardation and relaxation experiments
In retardation experiments ~creep experiments!, the strain
g(t) in the material is measured as a function of time, after
imposing a stress s(t)5s0H(t), with H(t) the Heaviside or
unit step function. From linear viscoelastic theory @12#, one
can derive a general form of the retardation function
J(t)[g(t)/s0 :
J~ t !5H~ t !F Jg1 th0 1(k Jk~12e2t/tk!G , ~1!
where Jg represents the glass compliance and h0 the low
shear limit of the steady shear viscosity. Jk and tk are the
strength and time constant of a single retardation process.
Applying a stepwise strain g(t)5g0H(t) instead of a
stress, one can also derive a general form of the stress s(t)
as a function of time. The relaxation function G(t)[s(t)/g0
has the form @12#
G~ t !5h8~`!d~ t !1H~ t !FG01(
k
Gke2t/tkG , ~2!
where h8(`) is the real part of the complex viscosity at
infinite frequency, and G0 the equilibrium modulus. Gk and
tk are the strength and time constant of a single relaxation
process.
Experiments can also be performed in the frequency do-
main. Applying small harmonic excitations of strain or stress
to a sample, one can find the complex modulus
G*(v)[G8(v)1iG9(v) or complex compliance
J*(v)[J8(v)2iJ9(v) of the material. The functions J*
and G* are related by J*(v)G*(v)51 or
G8~v!5
J8~v!
J82~v!1J92~v! , ~3!
G9~v!5
J9~v!
J82~v!1J92~v! . ~4!
The results of creep experiments can be compared with
those of harmonic experiments by using the following em-
pirically optimized relations between J(t) and J*(v) pro-
posed in Ref. @13#:
J8~v!>@12m~2t !#0.8Jr~ t !, ~5!
J9~v!2
1
vh0
>FmS 23 t D G
0.8
Jr~ t !, ~6!
where v51/t and m(t)[d lnJr(t)/d lnt. Although Eqs. ~5!
and ~6! were tested @13# for three different polymeric
samples representing various kinds of retardation spectra
L(t), we will check the transformation of J(t) to J*(v)
with the following equations from linear viscoelastic theory
@12#:
Jr~ t !5J~ t !2
t
h0
5Jg1E
2`
1`
L~t!F12expS 2tt D G dtt ,
~7!J8~v!5Jg1E
2`
1` L~t!
11~vt!2
dt
t
, ~8!
J9~v!5
1
vh0
1E
2`
1` L~t!vt
11~vt!2
dt
t
, ~9!
by determining L(t) from Eqs. ~8! and ~9! and substituting
this L(t) in Eq. ~7!.
B. Microrheological model
Recently a microrheological model was proposed @11#,
describing linear viscoelastic properties of aggregated col-
loids. The shear stress in the dispersion is modeled as a sum
of certain hydrodynamic and structural contributions of ag-
gregates, where the structural part is due to interaggregate
bonds. In the linear regime, as investigated in the present
study, the hydrodynamic part is neglected, and the structural
part is modeled by incorporating the concept of fractal ag-
gregation into a transient network theory.
The dispersion is described as a system of overlapping
aggregates, which can be interconnected by chains continu-
ously created and broken down due to thermal processes.
Most of interaggregate chains contain a junction of only two
spheres. They are elastically inactive, since particles around
this soft junction will relax the stress by rotating freely.
Therefore, only some fraction of interaggregate chains are
elastically active ~rigid!, and the transition of one type to the
other is taken into account via kinetic equations.
One assumption of the model is that the number density
of rigid interaggregate bonds Nr is small compared to the
number density of aggregates. We have investigated the va-
lidity of this assumption by estimating Nr from the physical
parameters of our model fluid, and found that in our case the
value for Nr would exceed the number density of primary
particles. This high value for Nr is due to the difference in
physical parameters between our model fluid and the one
studied in the paper by Potanin et al. @11#. Furthermore, the
model only describes the limiting behavior of the viscoelas-
tic properties, and not the frequency dependence. Therefore
we will extend the model on these two points. In the next
part of this section we will estimate the moduli G8 and G9 as
functions of the frequency and volume fraction of primary
particles, avoiding detailed calculations of numerical coeffi-
cients.
1. Aggregate parameters
As before, all primary particles are assumed to be com-
bined into aggregates. These aggregated structures transmit
stress through their rigid elastic backbones, and at rest the
backbone chains will form a space-filling network. The vis-
coelastic properties of the aggregated dispersion are ~among
others! a function of the volume fraction primary particles f.
The dependency originates from the size dependence of the
aggregates on f. To model this size dependence, the aggre-
gates are described as fractal-like structures with a radius j,
which is the radius of the smallest sphere containing all pri-
mary particles:
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a
D d f , ~10!
with N the number of particles per aggregate, a the primary
particle radius and d f the fractal dimension of the aggregate.
Using Eq. ~10! the average internal volume fraction of pri-
mary particles inside an aggregate is given by
f int.S ja D
d f 23
. ~11!
Setting f int equal to the volume fraction of primary par-
ticles f, yields a value for the correlation length j of the
network. In the remainder of this section, use will be made of
a mean end-to-end distance p¯ of the rigid chains and this
distance will be identified as .j; hence
p¯
a
.f1/~d f 23 !. ~12!
2. Rigid chain parameters
The rigid elastic backbones are modeled as multiply con-
nected chains, which consist of a bundle of primary particles
containing no pivot points; see Fig. 1. The number of pri-
mary particles Nch inside it can be related to its end-to-end
distance q by
Nch.S qa D
dl
, ~13!
where dl is an exponent, which is similar to the chemical
length exponent, introduced for singly connected chains @14#.
The deformation of these rigid chains is modeled in the
linear regime as one of a Hookean spring with force constant
ke . So the force f transmitted by the chain is linear related to
its elongation Dq ,
f5keDq
q
q , ~14!
where the constant ke is related to the value of the second
derivative ke1 of the particle pair potential U(r) in the vicin-
FIG. 1. The multiply connected chain.ity of its minimum ke15(]2U/]r2)r5rmin and to geometrical
parameters of a chain. Modeling a chain as a contorted elas-
tic rod with a modulus, identical to that of a compactly
packed system of particles, one can find @15#
ke.ke1S qa D
222dl
. ~15!
Equation ~15! describes the elasticity of a permanent
chain, but we want to consider viscoelastic properties of a
transient network consisting of chains with a finite life time.
The chain shown in Fig. 1 loses its rigidity at a removal of
any of its particles. Then a pivot point is created and par-
ticles around this point will relax the stress by a free rotation.
The rigid-to-soft transition time t rs can be approximated by
t rs.
t local
Nch
, ~16!
where t local is the mean time for one particle to exchange
stable positions, as shown in Fig. 1. To find an expression for
t local , we have made use of reaction rate theory @16#. The
lowest potential barrier is achieved if a particle ‘‘rolls’’ over
some of its neighbors toward a new stable position. The
minimum number of bonds to be broken is z . Therefore, the
total potential barrier can be approximated by U;zUc , in
which Uc52U(rmin) is the two-particle bond energy. The
mean escape time t local of a particle from the total potential
well is then given by
t local.
12p2hsa
A2U9~ l0!U9~ lB!
exp@zUc /kT# , ~17!
in which a represents the particle radius and hs is the vis-
cosity of the polymer solution surrounding the particles
(hs52.1431023 Pa s). The distances l0 and lB refer in our
case to the stationary position of the particle and position of
the barrier. At the stationary position l05rmin , we write
U9(rmin)5zke1 . The characteristic width of the barrier ;a ,
and therefore we set U9(lB) to zUc /a2.
Rheological experiments @8,9# on aggregating dispersion
indicate the existence of a broad range of relaxation times,
since G8 increased over the whole frequency range tested
1023,v,10 rad/s. Obviously, the assumption of single-
type chains having one relaxation time t rs is too simple. A
trivial extension is assuming the chains to have a distribution
l(z¯) of mean number of bonds which have to be broken z¯,
which results in a broad spectrum of relaxation times.
3. Rheological properties of the dispersion
To estimate the rheological properties of the dispersion,
we follow the standard transient network approach @17#. In
this approach, the macroscopic stress tensor T is described as
a sum of contributions from elastic chains having an end-to-
end vector q and transmitting a force f. In order to obtain an
expression for T, distribution functions describing the prob-
ability of finding a chain at a certain time with a certain
end-to-end vector, are invoked. By choosing appropriate
probability functions for the creation, evolution, and annihi-
lation of chains, T can be calculated for any flow experiment
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relative motion of the aggregates during a small-amplitude
oscillating shear flow, for the xy component of the stress
tensor Tstruct one can write
Txy
struct.E E E ~qx f y!g~p ,z¯!expF 2tt rs~p ,z¯!Gdt d3p dz¯,
~18!
where f y is the force transmitted at time t by the chain with
an end-to-end vector q that has been created a time t2t with
an end-to-end vector p; qx is the x component of the vector
q; g(p ,z¯)dt d3p dz¯ is the number concentration of chains
created in time interval (t2t ,t2t1dt) within the configu-
ration range d3p dz¯; and exp@2t/trs(p ,z¯)# , with t rs(p ,z¯) as
given in Eq. ~16!, is the survival probability at time t for a
chain created at time t2t with end-to-end vector p and
mean number of bonds to be broken z¯.
Using the force-deformation relation as defined for the
rigid chains in Eqs. ~14! and ~15!, one can obtain
qx f y.S ke1a D a3S pa D
2dl
g0exp@ ivt#~12exp@2ivt#!,
~19!
where v represents the angular frequency of the oscillating
shear flow, i is the imaginary unit, i2[21, and g0 repre-
sents the amplitude of the applied harmonic shear.
A relation for g(p ,z¯) can be derived from the number
density of rigid chains Nr . As stated earlier, the approach of
Potanin et al. @11# for estimating Nr resulted in an unphysi-
cal high value using the parameters of our model fluid. It
seems reasonable to assume that the creation rate g(p ,z¯)
increases with Nr at low Nr , but sharply decreases as Nrp3
becomes greater than unity ~the motion of chains is then
hindered due to overcrowding!. Therefore, in equilibrium
creation versus annihilation competition keeps Nrp3 close to
unity. As mentioned earlier, we assume the chains have a
distribution of the mean number of bonds to be broken. De-
fining a normalized distribution l(z¯) for the rigid chains and
setting Nrp3 equal to 1, we find
Nr~z¯!5l~z¯!p23, ~20!
where Nr(z¯)dz¯ represents the number density of rigid chains
with a mean number of bonds to be broken between z¯ and
z¯1dz¯.
To simplify the problem, we assume that for a given vol-
ume fraction of primary particles all rigid chains have about
the same length p¯, which is given by Eq. ~12!. Using this
assumption, we can derive a relation between Nr(z¯) and
g(p ,z¯):
Nr~z¯!dz¯.E
p¯2 1/2 Dp
p¯1 1/2 DpE g~p ,z¯!expF2 tt rs~p ,z¯!Gdt d3p dz¯
.g~p¯,z¯!t rs~p¯,z¯!p¯2Dp dz¯ with
Dp
p¯ !1. ~21!
Using Eq. ~20!,g~p¯,z¯!t rs~p¯,z¯!.l~z¯!
p¯25
Dp . ~22!
Integrating Eq. ~18! with Eqs. ~12!, ~19!, and ~22!, we
come to the following estimation for the dynamic modulus
G*5Txy /g0exp@ivt#:
G*~v!.
ke1
a
f~31dl!/~32d f !E ivt rs~f ,z¯!11ivt rs~f ,z¯! l~z¯!dz¯.
~23!
The dependence of the elasticity on volume fraction f in Eq.
~23! is the same as the well-known scaling relation usually
attributed to Ball and Brown ~unpublished, but see Ref. @6#!.
Transforming z¯ into t with Eqs. ~12!, ~13!, ~16!, and ~17!,
one can obtain
G*~v![E dtt H~t! ~vt!
21ivt
11~vt!2 , ~24!
in which H(t) represents the relaxation spectrum @12#,
which is in our case given by
H~t!5C1
ke1
a
kT
Uc
l~z¯!f~31dl!/~32d f ! and z¯5
kT
Uc
lnF tt1G ,
~25!
with
t15C2
12p2hsa2
Ake1Uc
fdl /~32d f !. ~26!
The constants C1 and C2 incorporate all neglected numerical
coefficients and have to be of order unity. The weak depen-
dence of t1 on z has been left out of consideration in the
analysis.
III. EXPERIMENT
A. Sample preparation
The stearyl-coated silica particles were synthesized in two
steps. First, spherical silica cores were prepared by hydroly-
sis of tetraethoxysilane in ethanol, according to the method
described in Ref. @18#. Subsequently, the silica cores were
coated by etherification of the surface silanol groups with
stearyl alcohol, using the method described in Ref. @19#. The
resulting particles are easily dispersible in apolar solvents
such as cyclohexane. The particle size distribution was de-
termined with transmission electron microscopy. Eighty par-
ticles were counted, giving a mean radius of 30.5 nm with a
standard deviation of 2.5 nm. The particle mass density was
determined gravimetrically, and was found to be rs
51.66060.010 g cm23.
After addition of enough polystyrene ~mass density
1.0560.01 g cm23!, the silica particles will aggregate due to
the phenomenon of depletion flocculation. This model sys-
tem contains the same ingredients as the one studied by de
Hek and Vrij @3,4#, and for a discussion of the phase diagram
we refer to their work ~see also Ref. @20#!. In the present
study, the ‘‘continuous phase’’ contained 126 gram polysty-
rene per liter, which is about two times as large as the mini-
5730 56W. WOLTHERS et al.mum amount needed to induce phase separation ~so the sys-
tem is in the two-phase region far away from the phase
boundary!. De Hek and Vrij @4# also performed light-
scattering experiments on dilute dispersions. Their measure-
ments showed a negative adsorption of the polymer mol-
ecules at the silica particles interface, which is the origin of
the depletion attraction. The polystyrene was obtained from
the Tosoh corporation. The manufacturer gave the following
values for the molar masses: M w55970 ~g/mole! and
M w /M n51.02.
Samples were prepared by first drying the silica particles
under a nitrogen stream and at a temperature of 60 ~°C!.
Hereafter the dried particles were added to a polystyrene
solution in cyclohexane. The required amounts were calcu-
lated using the mass densities, and assuming no excess mix-
ing volumes. The samples were contained in glass screw
bottles. After the addition of dried silica, a poly~tetra-fluoro-
ethylene! ~PTFE!-coated bar was added, and the samples
were mixed by turning end over end for one day. In order to
obtain a reproducible starting point, aggregates must be bro-
ken down to primary particles as much as possible. There-
fore the sample was very thoroughly mixed for 3 min with a
whirl mixer. With this procedure we were able to reduce the
reproducibility error to about 50%.
We have calculated the primary particle interactions as in
Ref. @21#, and found for this slightly different sample the
following values for the spring constant of the two-particle
bond and particle bond energy: ke150.48 N/m and Uc59.3
kT.
B. Creep experiments
For the creep experiments we used a controlled stress rhe-
ometer with a double-gap geometry, capable of applying
small shear stresses ~down to ;1 mPa!, and detecting small
angular displacements ~down to ;1026 rad!. The instrument
was developed in our laboratory @22#. During measurements,
suspensions were held at 35.0 °C ~the u temperature of poly-
styrene in cyclohexane!. The measurements were carried out
for six different volume fractions of primary particles; f
55.0%, 6.5%, 8.0%, 10.0%, 13.0%, and 16.0%. The repro-
ducibility of the whole experiment was checked by measur-
ing different samples with the same composition.
The creep experiments were conducted after a waiting
period of 20 min, to allow for the formation of a network.
This time was, in an earlier study @23#, found to be long
enough for restructuring processes in the absence of strong
flow fields to take place, and was verified in the present
study to be short enough to avoid significant effects of ag-
gregate sedimentation. A small stress was applied for a cer-
tain period of time ~ranging between 60 and 120 s, depend-
ing on volume fraction of primary particles!. During this
period the angular displacement was recorded every 0.5 s,
and the elastic recoil to a new position was measured in the
same way during more than 250 s after cessation of the ap-
plied stress. The measured angular displacement had to be
corrected for a linear drift. To this end, we determined the
slopes of ten data points which were measured before and
after the creep experiment. Hereafter, the measured displace-
ment was corrected with the mean slope.To check the linearity of stress-strain relation, we started
at the lowest possible value for the applied stress which was
then increased until a critical stress, whereat the sample
started to behave nonlinearly. The value of the critical stress
was found to be an increasing function of the volume frac-
tion of primary particles, and ranged in our case between
values of 5 and .500 mPa. The latter value is the upper
limit for the stress which can be applied by the controlled
stress rheometer.
C. Dynamic experiments
The dynamic experiments were performed with a con-
trolled strain rheometer, capable of applying small-amplitude
harmonic excitations. The home-made instrument @24# is
suitable for measuring the dynamic moduli of a fluid in shear
flow, but for the present investigation we only measured dy-
namic moduli at rest. The measurements were started after a
waiting period of 20 min. The storage and loss moduli were
measured in the frequency range between 0.1 and 30 Hz, and
a check on the limits of linearity was performed by varying
the strain.
Experiments were done at 35.0 °C, and, to avoid vapor-
ization of solvent, a vapor trap was used. The dynamic mea-
surements were performed for three different volume frac-
tions; f510.0%, 13.0%, and 16.0%. To investigate the
reproducibility of the whole experiment, at every volume
fraction three different samples with the same composition
were prepared and measured.
IV. RESULTS AND DISCUSSION
A. Creep experiments
For each volume fraction of the experimental data, the
angular displacement u(t) as a function of time for a number
of shear stresses s0 , were handled in the following way. If
the sample behaves linear, the mean shear deformation g in
the two gaps of the Couette geometry is given by the small
gap approximation:
g~ t !510.7@u~ t !2u~0 !# , ~27!
where u(0) designates that all displacements are measured
relative to the original zero position. Using g(t), the retar-
dation function J(t)[g(t)/s0 was calculated, and Fig. 2
shows a typical result for a creep experiment at f58%.
The figure shows that our model fluid behaves elastically
at fast deformations and viscously at slow deformations, and
from the nonzero value for h0 one can conclude that the G0
of our fluid is zero. Using Eq. ~1!, we determined values for
the steady-state compliance Je , glass compliance Jg , and
viscosity h0 from the J(t) curves. From each measurement,
values for Je , Jg , and h0 can be obtained in two ways
~motor on and off!. In the case of motor on, values of Je and
h0 were determined from fitting the data with Eq. ~1!, setting
k equal to 2. In the case of motor off, Je and h0 were deter-
mined from the last data point, as indicated in Fig. 2. The
instantaneous jump Jg after imposing and releasing the stress
was estimated by a linear extrapolation of the first two data
points. The glass compliances determined in this way should
be considered as upper bonds of the real values. Both ways
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same result within the experimental error.
The linearity of different measurements was checked by
comparing the obtained values of Je , Jg , and h0 as a func-
tion of applied shear stress s0 . The number of linear mea-
surements per sample ranged from three for the lowest to
seven for the highest value of f, and the average results of
the measurements are listed in Table I. To test the reproduc-
ibility of the whole experiment, some samples ~f56.5%,
8.0%, and 16%! were freshly prepared a second time, and
subjected to the same procedures. From the differences be-
tween samples of the same composition, the systematic er-
rors in Je , Jg, and h0 were all estimated to be approximately
50%. We ascribe these errors to differences in shear history,
which occur during the filling of the rheometer; also see Ref.
@24#.
Conversion to frequency domain
In order to compare the results of the creep experiments
with those of the dynamic relaxation experiments, we con-
verted the retardation function J(t) to the frequency domain.
To do so, we determined Jr(t) from the recovery part of a
retardation experiment and as an example the data @s# for
f58% are shown in Fig. 3. A computer program was used
to obtain m(t)[d lnJr(t)/d lnt from a spline function fit to
the data, and J*(v) was subsequently calculated from Eqs.
~5! and ~6!. Because of limitations on sampling times with
FIG. 2. Example of a creep experiment (f58%). The retarda-
tion function J is plotted as a function of time.
TABLE I. The values for Je , Jg , h0 , and tm as a function of f.
f
@%#
Je
~1/Pa!
Jg
~1/Pa!
h0
~Pa s!
5.0 3.03100 8.931021 5.03101
6.5 8.931021 4.331021 2.23102
6.5 6.531021 2.431021 2.23102
8.0 4.131021 1.731021 5.23102
8.0 3.531021 1.231021 3.43102
10.0 1.331021 5.231022 1.23103
13.0 1.631022 5.631023 1.43104
16.0 4.231023 1.531023 3.33104
16.0 3.231023 1.331023 8.93104the creep rheometer, fast retardation processes cannot be ob-
served with this instrument. The minimum time scale is
about 1 s, which corresponds to an angular frequency v of 1
rad/s in the frequency domain. As mentioned earlier, we pe-
riodically increased the stress during the creep experiments
until a value was reached where the response became non-
linear. From Fourier transform theory we obtained a lower
bond for v of 0.02 rad/s for the creep experiments.
Although Plazek, Raghupathi, and Orbon @13# tested the
empirical relations ~5! and ~6! for different types of retarda-
tion spectra L(t), we also checked the transformation for all
volume fractions in the following way. Using Eqs. ~8! and
~9!, we determined the spectrum L(t) from a fit to J*(v),
and calculated Jr ,check(t) from Eq. ~7!. Figure 3 shows the
good agreement between Jr ,check(t) ~solid line! and the origi-
nal Jr(t) data, indicating that the method of Ref. @13# is also
suitable for our data.
B. Dynamic experiments
All dynamic measurements were repeated twice with
fresh samples, and again we found systematic differences
between the mechanical response of same samples of about
50%. The applied strains were smaller than 1023 in all ex-
periments, this being the upper limit of linearity determined
from varying the strain. The angular frequency v ranged
between the values 0.7 and 200 rad/s, and in Figs. 4 and 5
the results of the dynamic moduli are plotted as a function of
v. Since dynamic moduli are usually plotted and interpreted
on a logarithmic scale, we have used the following average
over repeated measurements:
lnG*~v!5
1
n (i51
n
lnGi*~v!. ~28!
The results of the dynamic measurements ~carried out in
the frequency domain! can be compared with the creep ex-
periments ~time domain!. The measurement ranges of both
instruments are not the same; the creep experiments focus
more on slower processes compared to the dynamic measure-
ments ~0.02–1 against 0.7–200 rad/s!. In the Sec. IV A we
discussed the conversion of creep data J(t) to J*(v). From
FIG. 3. Recovery creep compliance Jr (f58%) as a function
of time. The symbol @s# represents the experimental data and the
solid line is the calculated Jr ,check(t); see text.
5732 56W. WOLTHERS et al.this complex compliance function J*(v) we calculated a
complex modulus G*(v) from Eqs. ~3! and ~4!, and the
results are also shown in Figs. 4 and 5.
The figures show that both instruments give the same re-
sults within the systematic error of 50%. For f510% the
connection is very good, and in the case of f513% and
16% the curves are somewhat shifted, but the results still
agree. The results for f510% show that G8 gradually in-
creases with angular frequency as G8;v0.14, which is al-
most the same slope as the measurements on other aggre-
gated systems @8,9#. The data for G9 exhibit a great deal of
scattering, especially at low frequencies, but we conclude
that G9 remains constant within experimental errors over al-
most the whole frequency range tested. Only for v.30 rad/s
do the loss moduli seem to increase with increasing fre-
quency.
FIG. 4. The storage moduli G8 obtained with the creep
(0.02,v,1 rad/s) and dynamic rheometer (0.7,v,200 rad/s) as
a function of angular frequency v. The symbols represent the re-
sults for f55.0% ~L!, 6.5% ~1!, 8.0% ~n!, 10% ~s!, 13% ~d!,
and 16% ~,!. The solid lines represent Eq. ~24! with dl51, d f
52.25, z¯max53, C150.6, and C250.1.
FIG. 5. The loss moduli G9 obtained with the creep
(0.02,v,1 rad/s) and dynamic rheometer (0.7,v,200 rad/s) as
a function of angular frequency v. The symbols represent the re-
sults for f55.0% ~L!, 6.5% ~1!, 8.0% ~n!, 10% ~s!, 13% ~d!,
and 16% ~,!. The solid lines represent Eq. ~24! with dl51, d f
52.25, z¯max53, C150.6, and C250.1.C. Comparison of model and experiment
In Sec. II B an expression @Eq. ~24!# was derived from
which we can calculate the complex dynamic modulus G* as
a function of frequency v and volume fraction of primary
particles f. In this section we will check whether we can
describe our experimental data with physically acceptable
values for the defined but not yet quantified parameters: dl ,
d f , and l(z¯). The value for dl must range between 1 and 1.6.
The upper bond corresponds with a self-avoiding random
walk. For simplicity we will set dl equal to unity.
The fractal dimension of aggregates d f determines the
dependence of the dynamic moduli on volume fraction of
primary particles; see Eq. ~23!. We found the best agreement
between calculations and experimental data for
d f52.2560.02. The error estimate was obtained by consid-
ering the sensitivity of the model for the value of d f . From
diffusion-limited cluster-cluster aggregation without internal
restructuring, fractal dimensions of about 1.8 are expected,
but restructuring leads to higher values for d f . The obtained
value for d f is rather independent of the choice of the back-
bone dimension dl , which must range between 1.0 and 1.6.
If one takes dl51.6 instead of 1.0, one will find 2.15 instead
of 2.25 for d f . The obtained value for d f is lower than the
d f52.3460.02 we obtained earlier for a similar system in
nonlinear shear experiments @24#, so the results are only
roughly in agreement. This is mainly due to the different
sample histories in the different experiments.
The broad spectrum of relaxation times is modeled with
the following normalized rectangular distribution l(z¯) of
mean number of bonds which have to be broken, in order to
transform the chain from rigid to soft:
l~z¯!5H 0 for z¯,1~z¯max21 !21 for 1<z¯<z¯max
0 for z¯.z¯max,
~29!
where l(z¯)dz¯ is the probability of a chain to have a mean
number of bonds to be broken between z¯ and z¯1dz¯. The
choice of a rectangular pulse distribution function is based
on the experimental observation that G9 of our model fluid is
almost constant over the whole frequency range tested; see
Sec. IV B. In the proposed microrheological model this can
be accomplished by using a l(z¯) as defined in Eq. ~29!. We
also tried a Gaussian distribution, but the experimentally ob-
served constant G9 is not obtained with a Gaussian distribu-
tion. The rigid-to-soft transition process described in Sec.
II B gives a physical lower bond (z¯51) for the distribution,
whereas the higher bond z¯max determines the ratio between
G8 and G9 and magnitude of the longest relaxation time. The
best agreement was found with z¯max53. This value for z¯max
is physically reasonable; see Fig. 1.
The results of the calculations ~with C150.6 and
C250.1! are also plotted in Figs. 4 and 5. One can see that
the frequency dependence of the storage modulus G8 is de-
scribed very well by the microrheological model. The vol-
ume fraction dependence is also caught by the model; at
some volume fractions the theoretical curves exhibit an off-
set, but they still describe the experimental results within the
systematic error bar. The calculations for loss moduli G9 are
also in reasonable agreement with the experimental data, but
56 5733LINEAR VISCOELASTIC BEHAVIOR OF AGGREGATED . . .the model does not include the observed increase of G9 for
v.30 rad/s. Some premature modeling showed that this in-
crease of G9 at higher frequencies can be attributed either to
the internal deformation of viscoelastic aggregates or to a
damping of the oscillating movement of rigid chains by the
fluid which surrounds them.
V. CONCLUSIONS
In this paper the linear viscoelastic properties of an aggre-
gated dispersion have been explored. We have determined
the rheological properties using two different rheometers, a
controlled stress and a harmonic rheometer, and the experi-
mental data have been compared with each other. Both in-
struments gave the same results within a systematic experi-
mental error, which is rather large. We ascribe these
systematic errors to differences in shear history, which occur
during the filling of the rheometer. We found that the storage
modulus gradually increases with angular frequency as
G8;v0.14, while the loss modulus G9 remains constant
within the experimental error over almost the whole fre-
quency range tested (0.02,v,200 rad/s). These two obser-
vations indicate the existence of a large number of relaxation
processes with a broad spectrum ~four decades! of relaxation
times.
The properties of the fluid at rest can be described satis-
factorily with a microrheological model based on the fractalconcept. The model we used is an extension of the work of
Potanin et al. @11#, which was modified in two ways. First of
all, it is assumed that all aggregates are incorporated in the
space-filling network. This was appropriate and necessary
since calculations with the original model revealed that for
our aggregated system, the assumption of freely moving ag-
gregates is no longer valid. Second, a distribution of the
mean number of bonds to be broken z¯ of the rigid network
chains was introduced. This was necessary to describe the
broad relaxation spectrum, which was found experimentally.
The extended model describes the experimental results for
the complex modulus as a function of frequency and volume
fraction of primary particles within the experimental error
and with physically plausible values for the parameters used.
The fractal dimension was found to be lower than the value
obtained from nonlinear measurements on a slightly different
silica sample @24#.
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